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SOME PROBLEMS OF MAGNETOSTATIC
AMPLIPIER THEORY

by J.A.Monosov, A.A.Pistolkors, Sui-Yen-Sheng

1. The first part of this paper deals with the problem of
exciting oscillations in a small gyrotropic sphere placed
in a waveguide and the scattered waves that arise as a result.
This problem i3 of interest from the stundpoint of measuring
the parameters of ferrite samples, which are usually carried
out in waveguides and resonators, and accounting for the
effect of tbe ferrite samples on the naturalgfrequencies of
the resonators. (ur investigation 1is basedkéz Walker's
solution to the problem of determining the magnetic moces of.
a small»gyrotrOpic spheroid s/1/. Experiments show Wezlker's
results to be in quite zood agreement with ferromagnetic

resonance phencmena, which are observed in the microwave band.

walker started out from the Landau-Lifshitz equation and

also fhe following two magnetic field equations:

Cuzl k=0
div (B + 4Tm) =0 (D

This enabled him to come to the following megnetic poten-
tials by outting A= 9zad p. 3 |

internal magnetic potentials:

WMo PR i) B () €5

external magnetic potentialss

Mo QU (i8) R () €Y
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. ‘=>
-'Het‘e 8,7" and (,[;n are associa Led'Lege,,dre pol inomials

- of the first and second order;

éﬂiqi and Y. are a set of spheroidal coordinates

inside the soberotd

¢ 7] and Y are the same, but outside the spheroid.

The boundury conditions for ¢ at the spheroid surface re-

continuity of the potential ¥ and of the normal component

——

quire

of the induction B =~h +4TTm . This leads to a set of two

homogeneous equations:

¥ = %e (3)

Bri = Bre
By equating the determinant of this set to zero, Walker

obtained the characteristic equation for determining the
resonant frequencies or the resonant values of the d.c.
magnetic field, at which oscillations arise without any
action on the part of the externul field (if losses are

neglected, of course):

( t')) . ("'50)

| 0
oy 2 . Fr
F=mot(V) L{ o7 ( ) -Le, Q (i) (4)

The notation'bere is the sume as in Walker s paper,

that is:

X = -g— is the ratio of the spheroid axes (fig.l);

! . .
£0 and ﬁo are tue coordinates of the spheroid surface in

the external and internalcoordinate sets;

- H
V= ——L where, Q= _w O = ¢

Q-9 YTC[Y [ Mo Y LTMg
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Pigure 5 shows the relationship between the 4,c, magnezic
field H; and the resonant frequencies of the gyrotropic
sphere obtained by solving equution (4).,

In contradistiaction to Walker we must introduce into
equation (3) the electromagnetic field of a wave moving along
a waveguide, which causes the sphere t¢ oscillate. |

It is convenient for us to express the electromagnetic
‘field components by means of t%e Debye potentials U; ang

Vi which correspond to transverse-magnetic and transverse-

electric spherical waves:

(1)
212
Fo =L 22(Wi) _ _iko  3(2vy)
L1 2128 ising 3y

! AT(wuy) ik :
) E.. L/, LKo 3d(TV)
%~ 78in6 atay ' 1 aeL

——LV‘ /e 1y

12

Eu= K3 U,

o=t R0V ik dui)
8 T 3128  sin® 3y

=_ 1 dYwv) _ iko (Ui
P T5in0 dtayp 1 36

The field inside the waveguide may be represented by

m

two seri=s of potentials uin and %ZT

degree n and order m; for small values of Kpl we have:

» which are of

tm . tm ., m [
Vo =i~ o (KyT) P (C05G) e 2imy (6)
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4,

By considering the field in the waveguide tc be the sum
of plane waves and by resolving the plane waves into spherical
waves, we can obtain thes followiang series for the Dubye
potentials of the field at various points inside the wave-
gulde:

U.= ar'l"'u.m : =y 87 v,

L onam tn Logm 7 n

Figure 2 gives curves for the coefficients 0;15;10515;’
etc., of these series for circularly polarized normal waves
as a function of the distance of tpe selected point from
the waveguide wall. Circular polarization explains the
unsymnetrical shape of the curves and the existence of zero
values for the goefficients. Straight lines in the figure
correspond to coefficients a;’ and 8;’ for the plane wave
moving in the -z-direct;on with the magnetic vector
parallel to ths x-axis.

Before introducing the exciting field into the boundary
conditions (%), we must determine the relationship between
the Dzbye pOCeqtial \V and the Walker or magnetostatic
potential ¥ -. Tt is not difficult to show that the following

relatioaship is valid for small values of Kpl 3

o ()= e “
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A

Making use of this relationship and the boundary condi-
tions, we obtain for small qphere radii ¢ the following
' tm
expressions for the amplitude - ﬂn of the potential
at the surface of the sphere and for the amplitude C,':m
of the Delye potential of the scattered wave (corresponding

' : +m
to the exciting potential Vn )

tm_ (koa)" 1+n
Ar = 1:3:§5---+(2n-1) 1+n *0 4
(8)
sz; (Ko )" 1+n 2n+1 - -
R [13:5 0 (2n-1)] n(2n+1) (7+n 04 )

The following approximate formulae were used for the
Bessel and Hankel spherical functions (jn (/(D'z) and hn (.”o?) N

in deriving these expressions:

(Kp2)®
/.3.5....(2,1*1) ’ (9&)

I (Ho1)™

(2) i 1.3.5...(2,1..,) .
/.LLn, (}(Oz)z (Koz)n'ff (%)

In equation (8)

. P'”‘( 7+K)

1+K n K

=t +

g ,=tmV N r m( 7+x) (10)
A\

where, K= TSZ?Z_Q? as is with Walker.

Note that the denominator 1+n Hlt ~ is the
left-hand side of the characteristic equation for the sphere

& Ay, g ¢
NG 5 '

Approved For Release 2009/07/30 : CIA-RDP80T00246A007500060003-0




Approved For Release 2009/07/30 : CIA-RDP80T00246A007500060003-0
@ @ 6.

/f/?,+qr(-’-0 (11)

obtained from equation (4) by putting (=1 . |

From equation (8) we see thut in the case of small
spheres the amplitudes of the oscillations of higher orders
( n ) decrease rapidly with the order number since they are
proportional to ( K@ Yt . The amplitudes of the scattered
wave potentialé decrease even more rapidly as they are

2n+1
proportional to (KpQ)

' By introducing losses, we can calculate the amplitude of
the oscillations for resonance conditions. Relative values
of the resonance amplitudes for three ¥alker modes ( 7, - 1,0 2,
( 2,-10 ) and ( 3,-10) with  K,a =] are given in
figure 5.

Our investigation showed that the width of the resonance
curve obtained by varying the d.c. field at a constant
frequency remains the same for all modes.

Hitherto we have found the transverse-electric.component
of the scattered spherical wave. The second component
(transverse-magnetic io naturé) ig produced in our case by
the electric field of the sphere. It is evaluatzed from the

following two equations:

C
div -E’=0

= _ 1 28
Cwilf=- 4+ 5 12

m . ide field.

plus the Debye potentials LQ@ of the waveguide fie
he

A detiiled investigation shows, however, that due to t
gyrotropic propertizs cf the spnere, the above mentioned
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7.
oscillations of the TE type may produce additional potentials
y™ of the T™ type. Por instance, oscillations of the type
n

!
of the ferrite sphere. However, the latter potentials are

v/ may produce the Debye potential u/ at the surface
2

usually small as compared with the potentials of the wave-
m

guide field except when ‘uim=0 , or the ferrite losses are

very small ( AH< i oersted).

By solving the problem of a dielectric sphere excited by

+ .
the Dedye potential u,:’.n » We obtain the following expression

for the amplitude of this potential in the scattered TM wave:

2n+1

+m 1 (KoQ) (n+1) E-1.

6- =1+ - ‘-TX

nTF 2[5 (2m-1)]" 0 204l AE#NH |

(13)
For resonance conditions this amplitude is much smaller
m .

than the above mentioned amplitude (, . In the latter case

it is sufficient to consider only the TE scattered wave of

amplitude C,:n .

The scattered spherical waves hitherto investigated occur
in free spﬁce. In the waveguide they are transformed into
pormal waveguide waves. Moreover, when evaluating the
amplitude of ady normal mode (for instance Hm in a rectangul-
ar waveguide), we must take into account spherical waves
having all possible values for the indices n and m.

The problem of transforming spherical waves into normal
waveguide waves was solved using the Lorertz lemma /2/ and
the Debye potentials for normal waves in the wgveguide.

Here are two examples of the results we obtained im this

way.
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8.

-re gh
whan the d.c. uad agnetic f1€]6 is paraliel to the short

trc packward reflection coefficient

c ve is as follows:
of the /‘Hlf) waV

j - scillations: .
fop mode ( 1 1,0 ) osc |

- - . a " ».
Z;:_yzk.(ﬁ%—)(/(ysmkd/( COSKd)/3KV7/
6 K 0'8 Ko

(14a)

for sode ( 2,—2,0 ) oscillations:

. 5 . ‘
o M[(Ky COS - Ky SLRL By )" 008 2y - (14b)

| - s
—(Kysmp,+KxCUSﬂ,)QSWZKXdH 5+ (K=-V) ’]

i1 W eoflection coefiiclents 1
The correspondlig forward reflectl £,

. i ey T snnere
"] ; ot the sve created Dy The 30I
for the field of the HlO wav

and Zf;l

& a z OWS ¢
in the direction of wave travel are as foll

I ALY -7], (14c)

Y~ Kya'6K03

b
’ ——75—(5—"3)—[)( cosp. ~KSin,) COSHxd
T 6ha6K3(9 Pi=Rx

(K sinp, + Ky Cosp )SLnK d][m 7] (14d)

re sphere
liere ¢ 1is the distance frcm the center of t

(K, Sinkyd +/fxcostd)2/

¥ 3+K-V

- . v \ .
‘t Ch’ }’ T I I ]" tk 4 |j d.. f]é". A}
O g S 10! { \N" O ; 1(3 W(iVeES 3 L 13 J s
law . d

Kk and K are tl.e propagation constants of the Hyg
X Y
wave ir: the x‘and y directions andc
Ky
(3 =awctan - R—;)

ot walls
‘g and B are the dimensions of the short and 1om

of the waveguidea
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Fig. 4. glves cslculaced curves o7 the forward and back-
wurd reflection coefticients tor KX==Ky as a function of
the pusition of tle sprere iu the waveguide.
Note that for the 2oce ( [ -10) a small sphere placed at
K0 =45° has a scatterec wave only iu the direction along

"which the normal wave travels. Zxperimentzl values of forward

reflection coefficients are denoted by dots on fip. 4.

2. The second part o: this puper analyzes the osclillations
of a small gyrotropic spheroid when subjected te & large
pumping field of fregueuncy Q@ , which sets up a magnetization

M, in the sphere. Due to the nonlimnearity of the Landau-
Lifshitz equation oscillations of two frequencies w, and W,
must exist at the same time, such that

Wit B2 = (15)

This problem was solved by expanding the magnetostatic

potentials ¥ and 95 in a power series about small

1
parameter db :

(/.; _ (e/ +C5’0(H”+d‘02 ‘P,m+ .....
/ " 2 (1)
%=%+%%*%%+ """

where: mj
0= 77'(K7'V1+K5‘V2)

Tt turns out that the additional magnetic potential of
Coupled oscillutions at frequency W, (or W, ) arising from
the first crder term of pumping magnetization d; may be

represented as the sum of all magnetostatic modes existiog
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at ireguencies W, ( or w’ ):

(,L) — Z (pl 'f'd‘o Z [‘/2 (7/-)2}

' ymae 'nma oamep  amt fam

=y ¥, r&T A W
nmy ‘nmz amz AT Tnmt
(17)
) method was derived {ur calculating the power series
coefficients A4y and Ane
mhe boundary conéitions requiring continuity of potentials
%’and ¢2, and also of the normal compcnents of the induction
Biand 8, at the spheroid surface result in a set of four
homogeneous equations with respect to the amplitudes of the

oscillations and scattered waves. Putting the determint of

this set equal to zero, we obtain:

() R F=0 (18)
where F; and F} are the left-hand sides of W%alker's

transcendentzl equation (4) for oscillations of frequency a%

and W, , and
1
2 —=(m,+?) A
2 7-0c(1+K,) Y2V 4 (2m,+3) [
=0/ K-V )+Ko-Vy )| x
/‘3 63 /*K2(7-062(7+K2) 20c2m2(/+/(,)f1 (/ /) ( 9 2)j

2m, (1 20im., (1+K,)
x/ Semalien) R )|
20 mq(/+K,)+7 2(2ny+3)a,\&-K2) /

Iimaort) -
o’ -ol (14 Ky) |2 : 7
o= 2 [amy (kv -7 = (K/"/r) '
14Ky 2(2mort) | T-0F( 14Ky [ (14K, J
frem here we can cerermine the relztionship between shifis
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of the resouant frequency 8(0, y(for the given mode) and of

11.

the resonant d-c. magnetic field 8H  in the presence of g
pumping field. The following equation turns out to be valid
for small shifts.

SW\L 002 (mo)2 _F3Fy
(&2)=060)"-( )" 3¢

)4 Reiny
AH dH (18a)
F’=0 F2=0

The second term in the right-hand side of this equation
is positive for amplification conditions. Under these condi-
tions, the frequency shift 5&% should be imaginary. It fol-
lows, th;refore, that it is most expedient to retain the
previous value for the resonant field ( 5f/=(7 ). If we set
iéﬁb==AH- we may fiand the threshold level for the pumping

[¥/ , o
power from eguation (18a). llowever, we determine this level
by other means further oa.

If no pumping field is present ( d;==0 ) equation (18)

may be decomposed into the two Walker equations menticned

above:

A very importaant rﬁle was derived on the basis of
analysis concerning the modes at the frequencies ‘W, and 602 ’
which ere capable of interacting with each otrer, ttat'is,
which are parametrically coupled. This rule states that only
the following pair of modes will arise in a ferrite ellipsoid
when subjected to a strong pumping field: (1n,,1-21) and

(n, 1-n,0).

This rule considerably facilitates analysis of the

perfcru;nce of a magnetostatic amplifier unq in general of

nerlisear phenomena in ferrite.
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® Qo 12,

tu carry out lurther investigutious, 1t was

[y oroeer

cessury te sccount for energy losses and exciting potentials,
ne 3 y 7 ‘

just as wus tiie case in the First purt of this paper. iAfter
by A Ao
several transformuticns we arrive aut the following two

, s vyt . .
equations containing two unknowns, the oscillation ampli%tudes

making

a,and a,

(oot F=1T, Y

. . Mp * I

are » amplitndes of the exciting
Here T, and T2 are the amplitnd

potentials,
m/?

Y 2 (/‘iom)(j déos
Gi™ 35 T iz p™12 N

(§ &o,,)

“12
Cat e Patlte) Pn”""(/'ao)
\/1,2~J£0 QmIZ (J& ) P,'l”:;?(/{a) ,112 (Jé.om)

lations which

A similar equation for pumping field oscil

account for the effect of magnetostatic coupleé oscillations,

may be added to egquations (19);
———"[AH3+i (H03-H)] +0,0,9
whe:e , Lhz,47r(mx2+(/}ny2)dw Sz, 470 (mx t jmy, ) dV 50
1 47TM Vs

itudinal
In the above }1217 and ﬂl&y12 denote the longl

i " coupled
mugnetic field and the magnetlic moment of couy

i and Y,
modes a% the frequency W, and Q% ’ rgspectlvely, Foe

represents the volume of the ferrite ellipsoid. Integration
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igs cerri2d out over the entire volume of the ferrite.

13,

The set of equations in (19) is similar from the mathe-
matical standpoint to the current equations' for paramntflcaliy
coupled circuits in the form given by Bloom and Chang-/37.

FPor example, the oscillation amplitudes ‘ILQ correspond to the
currents in the coupled circuits I,'2 3 the quantity 1¥p
corresponds to the pumping current°13 , etc. By making use
of this analogy, we can very simply obtain several important®
formulas for ferrite subjected to a strong pumping field,
vhich are similar to formulas for paraﬁetr;dally coupled
circuits. These formulas are listed in the table. They enable
the main characteristics of a ferrite spheroid subjected to a
strong pumping field Yo be calculated. This spheroid can be
imagined as an oscillating system with many Qegrees of free-
dom, which account for all oscillations whose indices comply
with the above mentioned relatiomship..

In particular, these expressions can be used to determ.ne

the values of the d.c. magneting field, which correspond to

conditions of subsidiary absorption gs described by Bloembergen:

and Wang /4/. For values of the d.c. magnetizing field
satisfying equaéion (57) *>, maximum atteanuation. is intro-
duced into the pumping field ogcillatiéns, which means that a
noticeable amount of sutsidiary absorption appears. The con-
dittion for maximum subsidiary absorption requires that the
cumping amplitude be clbse to the critical value as is seen

from formula (471 ). From equation ( 5r ) we can dstermine
the bounds of the subsidiary absorption region for a given
pumping amplitude. rhe lines in fig. 4 correspond to F;:Fk:o
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14,
® o

for some Walker modes. The verticul L., whic: intersects
the linzs for modes (2,0,1) aud (2,-1,0) at points whose
ordinutes wrv f’ and j? unGé pive the oumping frequency‘a
4s their sum, demarks i subsildiary sbsorption field on the
sbscisse. 7o the right is demarked the field ccrresponding
to resonance conditions of uniform orocession (1,-1,0) for a
pumping frequeucng .

Zgquation ( §r ) may be satisfied, however, with non-zero
values of F; and Fp . This will be the case at other values
of the frequencies f’ and f2’ wnich nevertheless add up to

VfJ . By varying f1 from O to jé, we can obtain the region
for subsidiary absorption created by moces (2,0,1) and (2,-1,0)
(fig. 5). 'This region is the first to appear when gradually
increasing the pumping power. For a further strengthening of
the pumping field, other pairs of modes begin te interact znd
the gubsicdiary absorption region expands.

Fig. & gives curves of the critical magnetic pumping
Tield for AH=f oe with the earlier mentionecd modes (2,0,1) and
(2,-1,0). Curves are calculated for different values of
saturation magnetisation Mo as a function of the spheroid
parameter . 0L=EG with F,=F2=0. They have & shallow )
minimur at &~ 712 , that is, when the spheroid is close to
the sphere in shape. Knowing the parameters of the ferrite and
the resonator and using these curves, we can calculate the
power of the pumping field which is critical for the above two
moces. ‘he lowest value of this critical power for thzse modes
occurs, however, at certwin non-zero values oOf ﬂ and F, .
"he corresponcing d.c. magnetizing fields lie in the shaded
“ens of fir. . The results o: calculations carried out on the

“:3ls o1 the .tove theory comnure well wirhk exnapi rent,
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in c¢ircuit 1. static oscillations
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q [ /33/2 [x,__ 13,)* %272 mom ] /F, (Mgpp)? 2
sl LR 15[ %, ] (”’n/z o, (map)E, 024H2

5. Bquations for computing 5. iquations for computing the

the trequencies corrss- d.c. magnetic fiela intensity
ponding to a maximum corresnonding tc thne 3ubsidiary
r=sistance induced in absorption and the generatea
circuit % and the frequercies for ’no /no
generatzd freguencies Kp
or
for J;= Jskp
RIS A R
5. Thireshold leveal 6. Condition of total loss

comnensation for coupled
magnetostatic oscillations

’ = __—'_ 0 H AH - r 9
3 Kp w, (.021 Rz | (T )/(P-—;r P 4 /;f-(.’_zlg._; i)

| FsFe \7
3Fe  \2
e X = (GGQC: )
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